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No 𝑟 dependence 

H-atom 

Coulombic potential between electron and proton 

𝑉(𝑟) = −
𝑒2

4𝜋𝜀0𝑟
 

Hamiltonian operator for H-atom (Born-Oppenheimer approximation) 

𝐻̂ = −
ℏ2

2𝑚𝑒
∇2 −

𝑒2

4𝜋𝜀0𝑟
 

∇2=
1

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕

𝜕𝑟
) + 

1

𝑟2

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕

𝜕𝜃
) +

1

𝑟2

1

sin2 𝜃

𝜕2

𝜕𝜙2
  

Schrodinger equation, 

−
ℏ2

2𝑚𝑒
[

1

𝑟2

𝜕

𝜕𝑟
(𝑟2

𝜕𝜓

𝜕𝑟
) + 

1

𝑟2

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝜓

𝜕𝜃
) +

1

𝑟2

1

sin2 𝜃

𝜕2𝜓

𝜕𝜙2
] −

𝑒2

4𝜋𝜀0𝑟
𝜓(𝑟, 𝜃, 𝜙) = 𝐸𝜓(𝑟, 𝜃, 𝜙) 

−ℏ2
𝜕

𝜕𝑟
(𝑟2

𝜕𝜓

𝜕𝑟
) − ℏ2 [ 

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝜓

𝜕𝜃
) +

1

sin2 𝜃

𝜕2𝜓

𝜕𝜙2
] − 2𝑚𝑒𝑟2 [

𝑒2

4𝜋𝜀0𝑟
+ 𝐸] 𝜓(𝑟, 𝜃, 𝜙) = 0 

 

∴ 𝜓(𝑟, 𝜃, 𝜙) = 𝑅(𝑟)𝑌(𝜃, 𝜙) 

−
ℏ2

𝑅(𝑟)
[

𝑑

𝑑𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) − 2𝑚𝑒𝑟2 (

𝑒2

4𝜋𝜀0𝑟
+ 𝐸) 𝑅(𝑟)] 

−
ℏ2

𝑌(𝜃, 𝜙)
[ 

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝑌

𝜕𝜃
) +

1

sin2 𝜃

𝜕2𝑌

𝜕𝜙2
] = 0 

 

−
1

𝑅(𝑟)
[

𝑑

𝑑𝑟
(𝑟2

𝜕𝑅

𝜕𝑟
) − 2𝑚𝑒𝑟2 (

𝑒2

4𝜋𝜀0𝑟
+ 𝐸) 𝑅(𝑟)] = −𝛽 

−
1

𝑌(𝜃, 𝜙)
[ 

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝑌

𝜕𝜃
) +

1

sin2 𝜃

𝜕2𝑌

𝜕𝜙2
] = 𝛽 

sin 𝜃
𝜕

𝜕𝜃
(sin 𝜃

𝜕𝑌

𝜕𝜃
) +

𝜕2𝑌

𝜕𝜙2
+ (𝛽 sin2 𝜃)𝑌 = 0 

Only function of 𝒓 

 

Only function of 𝜽, 𝝓 

 

Both must be constant. Use 𝜷 

 
Radial part 

 

Angular part 
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Which is exactly the same for the rigid-rotator wave functions.  

Rigid-rotator wavefunctions 

𝑌(𝜃, 𝜙) = 𝑆(𝜃)𝑇(𝜙) 

{ 
sin 𝜃

𝑆(𝜃)
 

𝑑

𝑑𝜃
(sin 𝜃

𝑑𝑆

𝑑𝜃
) + (𝛽 sin2 𝜃)} +

1

𝑇(𝜙)

𝜕2𝑇

𝜕𝜙2
= 0 

{ 
sin 𝜃

𝑆(𝜃)
 

𝑑

𝑑𝜃
(sin 𝜃

𝑑𝑆

𝑑𝜃
) + (𝛽 sin2 𝜃)} = 𝑚2   𝑎𝑛𝑑 

1

𝑇(𝜙)

𝜕2𝑇

𝜕𝜙2
= −𝑚2  

𝑇(𝜙) = 𝐴𝑚𝑒𝑖𝑚𝜙   𝑜𝑟    𝐴−𝑚𝑒−𝑖𝑚𝜙 

𝑇(𝜙) must be single valued  𝑇(𝜙 + 2𝜋) = 𝑇(𝜙) 

Gives, cos(2𝜋𝑚) ± 𝑖 sin(2𝜋𝑚) = 1 ⟹ 𝑚 = 0, ±1, ±2 …   ∴   𝑇𝑚(𝜙) = 𝐴𝑚𝑒𝑖𝑚𝜙   𝑚 = 0, ±1, ±2 … 

Normalized wavefunction  𝐴𝑚 = 1/√2𝜋 

 

Figure 6.4: Real part of the wavefunctions - particle on a ring 

 

The 𝑺(𝜽) part – Legendre equations and functions 

Let 𝑥 = cos 𝜃 ,    𝑆(𝜃) = 𝑃(𝑥)    0 ≤ 𝜃 ≤ 𝜋 𝑠𝑜 − 1 ≤ 𝑥 ≤ 1 

The equation in 𝜃 above becomes,  (1 − 𝑥2)
𝑑2𝑃

𝑑𝑥2 − 2𝑥
𝑑𝑃

𝑑𝑥
+ [𝛽 −

𝑚2

1−𝑥2] 𝑃(𝑥) = 0  Legendre’s 

equation 

Solution gives:  

(1) 𝛽 = 𝑙(𝑙 + 1)    𝑤ℎ𝑒𝑟𝑒  𝑙 = 0,1,2, …   
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(2) |𝑚| ≤ 𝑙 

(1 − 𝑥2)
𝑑2𝑃

𝑑𝑥2
− 2𝑥

𝑑𝑃

𝑑𝑥
+ [𝑙(𝑙 + 1) −

𝑚2

1 − 𝑥2
] 𝑃(𝑥) = 0 

Case a: 𝑚 = 0 – solution are Legendre polynomials, 𝑃𝑙(𝑥) [even when 𝑙 is even, odd when 𝑙 is odd]  

𝑃0(𝑥) = 1, 𝑃1(𝑥) = 𝑥, 𝑃2(𝑥) =
1

2
(3𝑥2 − 1), 𝑃3(𝑥) =

1

2
(5𝑥3 − 3𝑥), 𝑃4(𝑥) =

1

8
(35𝑥4 − 30𝑥2 + 3) 

Orthonormalized:  

∫ 𝑃𝑙(𝑥)𝑃𝑛(𝑥)𝑑𝑥 

1

−1

= ∫ 𝑃𝑙(cos 𝜃)𝑃𝑛(cos 𝜃) sin 𝜃 𝑑𝜃

𝜋

0

=
2𝛿𝑙𝑛

2𝑙 + 1
 

Case b: Associated Legendre functions (for all values of 𝑚) 

𝑃𝑙
|𝑚|(𝑥) = (1 − 𝑥2)|𝑚|/2

𝑑|𝑚|

𝑑𝑥|𝑚|
𝑃𝑙(𝑥)  

Because the leading term in 𝑃𝑙(𝑥) 𝑖𝑠 𝑥𝑙 , 𝑃𝑙
|𝑚|(𝑥) = 0 𝑤ℎ𝑒𝑛 𝑚 > 𝑙  

𝑃0
0(𝑥) = 1   

𝑃1
0(𝑥) = 𝑥 = cos 𝜃    

𝑃1
1(𝑥) = (1 − 𝑥2)1/2 = sin 𝜃   

𝑃2
0 =

1

2
(3𝑥2 − 1) =

1

2
(3 cos2 𝜃 − 1)   

𝑃2
1(𝑥) = 3𝑥(1 − 𝑥2)1/2 = 3 cos 𝜃 sin 𝜃   

𝑃2
2(𝑥) = 3(1 − 𝑥2) = 3 sin2 𝜃  

 

∫ 𝑃𝑙
|𝑚|(𝑥)𝑃𝑛

|𝑚|(𝑥)𝑑𝑥 

1

−1

= ∫ 𝑃𝑙
|𝑚|(cos 𝜃)𝑃𝑛

|𝑚|(cos 𝜃) sin 𝜃 𝑑𝜃

𝜋

0

=
2

(2𝑙 + 1)

(𝑙 + |𝑚|)!

(𝑙 − |𝑚|)!
𝛿𝑙𝑛 

 

Rigid-rotator wavefunctions - complete 

𝑌𝑙
𝑚(𝜃, 𝜙) = [

(2𝑙 + 1)

4𝜋

(𝑙 − |𝑚|)!

(𝑙 + |𝑚|)!
]

1/2

𝑃𝑙
|𝑚|(cos 𝜃)𝑒𝑖𝑚𝜙     𝑙 = 0,1,2 …    𝑚 = 0, ±1, ±2 … 

∫ 𝑑𝜃

𝜋

0

sin 𝜃  ∫ 𝑑𝜙

2𝜋

0

 𝑌𝑙
𝑚(𝜃, 𝜙)∗ 𝑌𝑛

𝑘(𝜃, 𝜙) = 𝛿𝑙𝑛𝛿𝑚𝑘 
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𝑌𝑙
𝑚(𝜃, 𝜙) are orthonormal over the surface of a sphere  Spherical Harmonics 

  

Angular momentum  

Remember, −
1

𝑌(𝜃,𝜙)
[ 

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕𝑌

𝜕𝜃
) +

1

sin2 𝜃

𝜕2𝑌

𝜕𝜙2] = 𝛽 and that 𝛽 = 𝑙(𝑙 + 1) 

𝐿̂2𝑌𝑙
𝑚(𝜃, 𝜙) = −ℏ2 [

1

sin 𝜃

𝜕

𝜕𝜃
(sin 𝜃

𝜕

𝜕𝜃
) +

1

sin2 𝜃

𝜕2

𝜕𝜙2
] 𝑌𝑙

𝑚(𝜃, 𝜙) =  ℏ2𝑙(𝑙 + 1)𝑌𝑙
𝑚(𝜃, 𝜙) 

 

Spherical harmonics are also eignefunctions of 𝐿̂2 

Square of the angular momentum =  ℏ2𝑙(𝑙 + 1)    𝑙 = 0,1,2 …   

Energy is therefore, ℏ2𝑙(𝑙 + 1)/2𝐼  

  

𝛽Y 

some sphercial harmonics 
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Components of angular momentum 

𝑳 = 𝒓 × 𝒑 = | 

𝒊 𝒋 𝒌
𝑥 𝑦 𝑧

𝑝𝑥 𝑝𝑦 𝑝𝑧

| 

 

𝐿̂𝑥 = −ℏ (𝑦
𝜕

𝜕𝑧
− 𝑧

𝜕

𝜕𝑦
) =  −𝑖ℏ (− sin 𝜙

𝜕

𝜕𝜃
− cot 𝜃 cos 𝜙

𝜕

𝜕𝜙
) 

𝐿̂𝑦 = −ℏ (𝑧
𝜕

𝜕𝑥
− 𝑥

𝜕

𝜕𝑧
) =  −𝑖ℏ (cos 𝜙

𝜕

𝜕𝜃
− cot 𝜃 sin 𝜙

𝜕

𝜕𝜙
) 

𝐿̂𝑧 = = −ℏ (𝑥
𝜕

𝜕𝑦
− 𝑦

𝜕

𝜕𝑥
) = −𝑖ℏ

𝜕

𝜕𝜙
 

𝐿𝑧𝑒𝑖𝑚𝜙 = −𝑖ℏ
𝜕

𝜕𝜙
𝑒𝑖𝑚𝜙 = 𝑚ℏ 𝑒𝑖𝑚𝜙 

So, spherical harmonics when operated by 𝐿̂𝑧 

𝐿̂𝑧𝑌𝑙
𝑚(𝜃, 𝜙) = 𝑁𝑙𝑚𝑃𝑙

|𝑚|
(cos 𝜃) 𝐿̂𝑧  𝑒𝑖𝑚𝜙 =  𝑚ℏ 𝑌𝑙

𝑚(𝜃, 𝜙) 

ℏ is a fundamental measure of the angular momentum. 

𝑌𝑙
𝑚(𝜃, 𝜙) are not eigenfunctions of 𝐿̂𝑥 𝑜𝑟 𝐿̂𝑦. What is < 𝐿̂𝑥 > 

Commutation: 𝐿̂2 𝑎𝑛𝑑 𝐿̂𝑧 commute.  

|𝒎| ≤ 𝒍. Use 𝐿̂𝑧
2𝑌𝑙

𝑚(𝜃, 𝜙)   𝑎𝑛𝑑   𝐿̂2𝑌𝑙
𝑚(𝜃, 𝜙) to prove. 

Precession 

2𝑙 + 1 values of 𝑚 for each value of 𝑙 

For 𝑙 = 2, 𝑚 = 0, ±1, ±2 

Eigenvalue of 𝐿̂2 → 𝑙(𝑙 + 1)ℏ2 = 6ℏ2 ∴   𝑜𝑓 |𝐿| → √6ℏ 

Eigenvalue of 𝐿̂𝑧 → 𝑚ℏ =  −2ℏ, −ℏ, 0, +ℏ, +2ℏ 

Never can the z-component be equal to the total angular momentum. Violates 

uncertainty! Except for one case!!! 
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Linear operators and degeneracy 

𝐴̂(𝜙1 + 𝜙2) = 𝐴̂𝜙1 + 𝐴̂𝜙2 = 𝑎1𝜙1 + 𝑎2𝜙2 = 𝑎(𝜙1 + 𝜙2) for degenerate eigenvalues. So, one 

could use any linear combination. 

Add/Subtract 𝑝1 𝑎𝑛𝑑 𝑝−1 𝑡𝑜 𝑔𝑒𝑡 𝑝𝑥   𝑎𝑛𝑑 𝑝𝑦 

 


