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H-atom

Coulombic potential between electron and proton

eZ

V(r)=-—

4megr

Hamiltonian operator for H-atom (Born-Oppenheimer approximation)

h? e?
A= -y
2m, 4megr
V2_16(26>+116( 96>+1 1 09?2
2o\ o)t 2sineae " 050) T 2sinz 0 992

Schrodinger equation,

h? 16( 61/J)+1 1 6(_06111) 1 0%y e? (.6, 0) = E(r. 0
2m, [r? or " or 2singag\°"" 30) T 72 sin 0 d¢? 4neorlp r.6,¢) = EY(r.6,¢)
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N

~(r,0,¢) = R(r)Y(6,¢)

No r dependence
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h? 1 a< Hay> 1 62Y_0 —
Y0, 9 | smea\""950) T sinzoag2| = Only function of 6, ¢
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Y 209h2
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Which is exactly the same for the rigid-rotator wave functions.

Rigid-rotator wavefunctions
Y(6,9) =S(0)T(¢)

(209 2 (in6 %) 4 (gsin? )} + =L = 0
S(e) ag \*M0gg) T (Bsin T(p) 092

sing d ;dS _ B 1 0°T _
{5(0) ﬁ(mnBE) + (B sin? 9)} =m? and T@) 397 —m?

T(¢) = A, ™ or A_,e"™m®
T (¢) must be single valued 2 T(¢p + 21) = T(¢)
Gives, cos(2mm) +isin(2mm) =1 = m=0,41,+2.. =~ T, (¢) = 4,,™® m=0,+1,42 ...

Normalized wavefunction 2> 4,, = 1/V2m

-
— s S fyh s

Figure 6.4: Real part of the wavefunctions - particle on a ring

The S(0) part - Legendre equations and functions

letx =cosf, S()=P(x) 0<6<mso—1<x<1

m2

2
The equation in 8 above becomes, (1 — xz)% — ZxZ—z + [ﬁ -1

]P(x) = 0 Legendre’s

equation
Solution gives:

(1) =1l(l+1) where l=01,2,..
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(2) Im| <1

d?p dP 2
A1-x)—-2x—+|l(l+1) -

1—x2

dx? dx ]P(x) =0

Case a: m = 0 — solution are Legendre polynomials, P;(x) [even when [ is even, odd when [ is odd]
1 1 1
Py(x) =1,P(x) = x,Py(x) = E(sz —-1),P;(x) = E(st —3x),P,(x) = §(35x4 —30x2+3)

Orthonormalized:

1 b4
fPl(x)Pn(x)dx = f P;(cosB)P,(cos0)sinf db =
1 0

201,
2l+1

Case b: Associated Legendre functions (for all values of m)

[m|

d
[m| — _ 2\|Im|/2
A = (1 -ty

Pi(x)

Because the leading term in P;(x) is xl,Pllml(x) = 0whenm > [

PdP(x) =1

PY(x) = x = cosf

PL(x) = (1 —x*)Y/? = sin6

PO =1(3x2-1) =23 cos26 - 1)

T2 2
P}(x) = 3x(1 —x?)Y/2 = 3 cos @ sin b
P2(x) = 3(1 —x?) = 3sin?6

1 ™
fPllm|(x)P,|lm|(x)dx = f Pllml(cos 0)P™ (cos ) sin@ do =
1 0

2 (+|m]!
Ql+DA—|mD' ™

Rigid-rotator wavefunctions - complete

QL+ 1) (= |m])!
47 (I + |m])!

1/2
Y0, ¢) = [ ] P™(cos@)e™® 1=01,2.. m=0,4+1,+2..

2m

T
f df sin @ f do Y™(6,9)* Y,X(6, ) = 61n6mx
0 0
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Y™ (6, ¢) are orthonormal over the surface of a sphere - Spherical Harmonics

£ omy Y, (0.0) =6, (0)®,,(0) —

0 0 (1/74m)"?

10 (3/4m"cosh

I +1  F3/8m)"%singe™?

20 (5/16m)"*3cos’0-1)

2 t1 +(15/ S?E)]’rzsinﬂcosﬂeﬂ“a - some sphercial harmonics
2 £2  (15/32m)"sin® G

1 i, O

(D}‘Hf('i’} = ﬂ.u-'lz_ eil 4 ¢
20+1(f—m)!
2 (L+m)

1/2
O, (0) =[ ] P/"(6)

P (8) = associated Legendre polynomial

Angular momentum

1 1 9 (. 507 1 9%
Remember, —m[mﬁ(ﬁng%) + mw] = ﬂ and thatﬂ = l(l + 1)

PY0.9) = R [ (5o )+ oo P lym(6,0) = h21+ DY
00:9) =1 5 ae\S 9 5g) T snzaagz| Tt (0 9) = (6, b)

\ ;
P

Spherical harmonics are also eignefunctions of L?

Square of the angular momentum = A%21(l+1) [=10,1,2...

Energy is therefore, h?1(l + 1)/2I
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Components of angular momentum

i j k
L=r><p= X y Z
Px DPy Dz

Lo =—h( i a)_ (s 9 coto a>
x = y zy— i smd)ag co cos¢a¢

= —h( 0 a)_ n 0 _ cotos a>
y = z xZ = —i cosgbag cotfsin¢

d¢
i == h( d 0)_ ,ha
20 xay ax) = "

L,em® = —ihaie"md’ = mh ei™m®

So, spherical harmonics when operated by L,

LY™(0,0) = NP ™ (cos 0) L, e™® = mh Y™(6,$)
h is a fundamental measure of the angular momentum.
Y;™(8, ¢) are not eigenfunctions of L, or Ey. What is < L, >
Commutation: L2 and L, commute.
|m| < L. Use L2Y/™(8,¢) and L?Y/™(6, p) to prove.
Precession
21 + 1 values of m for each value of [
Forl=2,m=0,+1,+2
Eigenvalue of L2 — (I + 1)h? = 6h% ~ of |L| » V6h

Eigenvalue of EZ - mh = —2h,—h,0,+h,+2h

Never can the z-component be equal to the total angular momentum. Violates
uncertainty! Except for one case!!!
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Table 9.3 The spherical harmonics
- m Y,I(6¢)
. (1)"’ I=0,mi=0

(=]
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-blu
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<

+1 :(— sin B¢ I=1,mi=40

15\112
+1 =F(— cos @sin B¢

7 Y2
3 0 (— (5 cos’@— 3 cos 0)
1631

12 ‘ : _ 3
+1 :(%) (5 cos?0— 1)sin B e - /=3, m=0
12
2 (ﬁl sin’0 cos 0 ¢3¢ “

=2, m=90

32n

35 112
43 ¢(—) sin’@ *3i¢
641

&= I/=4,m=0

Table 9-3 Figure 9-36
Atkins Physical Chemistry, Eighth Edition Atkins Physical Chemistry, Eighth Edition
© 2006 Peter Atkins and Julio de Paula © 2006 Peter Atkins and Julio de Paula
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R %

Im|= 0 1 2 3

Figure 9-37
Atkins Physical Chemistry, Eighth Edition
© 2006 Peter Atkins and Julio de Paula

Linear operators and degeneracy

A(py + ¢,) = Apy + Ad, = a1 1 + aydp, = a(P, + ¢,) for degenerate eigenvalues. So, one

could use any linear combination.

Add/Subtract p; and p_; to get p, and p,,



